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AbslracL 18s cleclro-opiic 
effect Is studied. The phase-malching mncept is proposed for lhe firs1 lime for the 
Fibonacci optical superlattice. n e  transmission spectrum b nonself-similar owing to the 
dispersive eiiecl or the refractive index. An extinction phenomenon exists provided that 
the thicknesses of lhe domains are properly selecled. 

A new lype at Fibonacci optical superlattice is awiysed. 

1. Introduction 

The discovery of quasi-crystalline phases in metallic alloys has opened up a new 
field in solid state physics [l]. Since then, much work has been done on the light 
transmission properties of the one-dimensional quasi-periodic superlattice [2-51, a 
heterostructure with quasi-periodic ordering of multilayers. In these studies, its linear 
phenomena [24]  and its thirdurder non-linearity [5] have been greatly emphasized 
and the physical parameters such as the dielectric coefficients and Kerr and elec- 
trostriction non-linearity constants were taken to be non-dispersive. Little work has 
been done on the phenomena associated with parameters of third-rank tensors be- 
cause of lack of appropriate materials. 

Recent development in technology makes it possible to prepare a Fibonacci optical 
superlattice (FOS) of Single LfibO, q s t a l s  with quasi-periodic laminar ferroelectric 
domains by waveguide fabrication [6]. It provides a useful tool for the study of 
phenomena associated with third-rank tensois. Previously we investigated second- 
harmonic generation both in a periodic optical superlattice and in an FOS [7-131. 
Here we shall study its electro-optic effect and shall restrict ourselves to the so-called 

In this paper, we shall report our theoretical results of the basic features of the  
transmission spectrum of an FOS, which is made from a single LiNbO, crystal with 
quasi-periodic ferroelectric domain structures. We shall first discuss its mathematical 
treatment in section 2. In section 3, we shall propose the phase-matching concept 
for the Fos. ’RI our knowledge, no such concept has been suggested to date. The 
structure of the transmission spectrum will be described in section 4. We find that the 

0953-8984/92/408073+10$04.50 0 1992 IOP Publishing Ltd 8073 

FOS. 



8074 

transmission spectrum is non-self-similar because of the dispersive effect of the refrac- 
tive index. By choosing the thicknesses of the domains appropriately, an extinction 
phenomenon occurs. 
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2. Coupled-mode theory for the Fibonacci optical superlattice 

The initial description of a quasi-periodic superlattice (Fibonacci superlattice) was 
given by Merlin ef a1 [14]. Xvo different blocks A and B, each made up of two 
different materials, are layered according to a well prescribed rule, ABAABABA.. .. 
X-ray and Raman scattering measurcments have revealed the special features of this 
non-periodic heterostructure [14]. 

Likewise, here we define our Fos. It also consists of two building blocks A and B 
that are arranged according to the Fibonacci sequence ABAABABA., .. Each block 
consists of onb positive ferroelectric domain and one negative ferroelectric domain 
as shown in figure 1, where I , ,  and I , ,  represent the thicknesses of the positive 
domains in blocks A and B, and I , ,  and L,, the thicknesses of the negative domains 
with 1, = l , ,  + I , ,  and 1, = l,, + lB2. In our treatment, we have set I , ,  = I , ,  = 1. 

Figum 1. ms made from a single LiNbOa 
ayskl (lhe arrows i"di&le the directions of 
the spontaneous polarization). (a) m e  two 

~~ ~~~ 

+-̂ +*+A+*+ 

I l l  I I I I I I I I  I I 1 1  I I 
building blocks of an FOS, each composed of 
one psilive and one negative fermelectricdo- I I I ' I ' I I I ' 1 ' I I I 

10 =I =I X I  I. 5 x* 5 x* main. (b)  Schemalic diagmm of an FOS. 
I 
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The positive domain and the negative domain are interrelated by a dyad axis in 
the x direction. In this kind of material, it is easy to prove that all the odd-rank 
tensors will change signs from one domain to the next, while all the even-rank tensors 
will remain the same. Therefore, the electro-optic tensor of the FOS, being a third- 
rank tensor, will change its sign quasi-periodically and the dielectric tensor, being a 
second-rank tensor, will be constant through the FOS. However, under the action of 
an external electric field, the dielectric tensor will be modulated quasi-periodically 
because of the electro-optic effect. If the magnitude of the field is moderate (say 
about l o 6  V cm-'), the change in the dielectric tensor is very small [15] and the 
modulation can be taken to be a perturbation. It will couple the energy of two 
unperturbed normal modes which are the allowed polarized states of the Fos in the 
absence of an electric field. Thus, the transmission spectrum of light with different 
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polarizations should be tackled by the coupled-mode theory. Here we shall extend 
the coupled-mode theory, already established for the periodic superlattice [U], to the 

In order to make the normal mode coupled together under the action of an 
electric field, it is necessary that the electrodes be on the y surfaces or the I surfaces 
of the m [U]. Here we choose the y surfaces to be the electrodes and the I axis 
to be the propagating direction of the light beams. 

FOS. 

Imt llslt m.rirrr 

Figure 2. Geometrical mnfiguration of the ?os. X ,  Y, Z denote the 
the unperlurkd dielectric tensor and X, Y', Z' the principal axes 
dielectric lensor. 

principal axes of 
of the perturbed 

The geometrical arrangement of our system is as follows. The polarizer has its 
transmission axis parallel to the y axis, and the analyser parallel to the z axis (fig 
ure 2). In the absence of an electric field, the FOS is homogeneous to the propagation 
of light and the direction of its principal axes are along the z, y, z axes, respectively. 
The dielectric tensor in the principal coordinate of the FOS is 

where eo is the dielectric constant of the vacuum, and no and n, are the refractive 
indices of ordinary and extraordinary light, respectively. 

In the presence of an electric field, because of the electro-optic effect, the FOS 
becomes inhomogeneous to the propagation of light. Using the fact that the perturbed 
terms are much smaller than the unperturbed terms, we obtain 

E = CO -t A€ (2) 

with 

and 

if I is in the positive domains 
if 2 is in the negative domains. f(+) = { +' -1 
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Here r42 is an electro-optic constant, 4 c  can be treated as a small dielectric pertur- 
bation and E2 is the applied external electric field. 

At the Same time, we obtain the rotation angle of the optic axis due to the 
electro-optic effect (see figure 2): 

Yong-yuan Zhu and Nai-bcn Ming 

t a n ( 2 a )  = Zr,,E,f(z)/[(n~)-’ - (n:)-’]. (4) 

Obviously, the angle rocks back and forth from +a to -a along the x direction 
from one domain to the next. In this way the function of the FOS is similar to a Solc 
filter 1161 with quasi-periodicity. 

The following derivation is much the same as the derivation used for the periodic 
superlattice [15]. 

First, we expand f (  E) as a Fourier integral: 

where {r,,} are the positions of the ferroelectric domain boundaries (figure 1). 
In equation (6),  the summation terms comprise the structure factor, which is 

divided into two parts with one part lagging behind the other by a phase exp[i(kl+ 
n)]. Thus, equation (6) can be written as 

For an infinitc array with I A / I B  = T ,  according to [17-191, equation (7) transforms 
to 

where 

with 
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Substituting equation (8) into equation (S), we have 

where Gm+ is the reciprocal vector of the FOS. Analogous to the periodic lattice, it 
is reasonable to anticipate that this lattice may play a significant role in interactions 
proceeding in the FOS. 

Then, we derive the coupled wave equations. From equation (3) it is clear 
that only the y-polarized light and the z-polarized light can be coupled together. 
Analogous, to the procedures in [IS], starting from Maxwell's equations and using the 
parabolic approximation, we obtain 

dA, /ds  = -iI<A3exp(iA/3z) 
d A 3 / d z  = -iIi 'A,exp(-iApz) (13) 

with 

A0 = Pz - P3 - Gm$,, 

IC = - q w /  2 4( . ; . ,2 /m)i ; )Tz~zAm,,L (15) 

Am,,, 

(14) 

exl)[i(;Gm,n'+ -'m,n)I {[sin(4G,,,~')I/G,,,, 1 [(sin Xm,n)/Xm,nI 
(16) 

where A, and A, are the mode amplitudes for y-polarized and z-polarized light, 
respectively, and p2 and & are the corresponding wavenumbers. 

The initial condition at z = 0 which is determined by the polarizer is given by 
A,(O) = 1 

A 3 ( 0 )  = 0. 

A,(x) = exp(i$A$z)[cos(sz) - i(Ap/2s) s in(sz) ]  
A3(z) = [exp(- i iAPx)( - iK*)  s in(sz) ] / s  

(17) 

The solution of the coupled equations is then 

(18) 

where s is given by 
s2 = K'Ii + (A/3/2)'. (19) 

At the analyser (z polarized), T = L (which is directly related to the block 
number N); A, is extinguished. The transmission for the z-polarized light is thus 
given by 

T = [II<lzsiu2(sL)]/s2. (20) 
This is the same as the well h o w n  Ewald pendellosung or pendulum solution 

[ZO]. The energy is passed back and forth between the incident and diffracted beams 
as they travel in the FOS. The coupling is provided in this case by the scattering from 
one beam to the other owing to the existence of a perturbed dielectric tensor. 

In the following, numerical calculations are made and some interesting phenom- 
ena in the FOS are discussed. In all the calculations, we have set I,, = ~ ( 7 1 -  l,,), 
which is mainly required in the discussion of an extinction phenomenon. This ex- 
pression combined with 1 ,  = 71g gives D = 2(1 + ~ ) 1 .  Moreover, we have 
set 1 = rr/Ap, = 6.0441 pm, where A& = /3, - 13, = 2rr(n, - .,)/Ao with 
A, = 0.8000 j" 
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3. Phase-matching concept and dynamical effect 

When one discusses interactions between waves in a dielectric medium, one often 
encounters the phase-matching concept. The phase matching plays an important 
role in many processes such as the non-linear optic, electro-optic and acousto-optic 
processes. If the phase-matching condition is satisfied, energy conversion can be 
complete; if not, the conversion will be inefficient. In homogeneous dielectric media 
and periodic dielectric media, such a concept has already been established [15, 211. 
In recent years, research on quasi-periodic superlattices has made much progress but, 
to our howledge, no such concept has been proposed for quasi-periodic superlattices 
up to now. 

From equation CO), we find that, for significant mode coupling to take place 
between modes 2 and 3, three conditions must be fulfilled. The first is a kinematic 
condition which is 

Yong-yuan Zhu and Nai-ben Ming 

A/3 = 0. (21) 

Equation (21) will be referred to as the phase-matching condition. This condition is 
a counterpart of that for periodic structures 1151. In both cases, the reciprocal vector 
plays an important role. It is the reciprocal vector that compensates the birefringence 
and makes the energy-coupling process proceed cflicicntly. 

We have calculated the dependence of transmission on thc block number N of 
the FOS for some Gm,n. h e  find that, for a particular wavelength, there exists 
a corresponding reciprocal vector G,,,,,, by which the phase-matching condition is 
satisfied. For example, for X = 0.8000 p m  and X = 0.5478 pm, the corresponding 
reciprocal vectors are and G,,,, respectively, which satisfy the phase-matching 
condition. Figure 3 shows the results. Fbr comparison, the transmission of y-polarized 
light is also shown. It can be seen that, when equation (21) is valid, the energy 
conversion can be complete. In figure 4, a wavelength is chosen such that the phase- 
matching condition is not satisfied; clearly the energy conversion is very low. 

The second condition is 

I1il.G = (271 + 1)Yr/2 71 = 0,1,2,. , . (22) 

which is a dynamical condition. If 7n and n are k e d ,  then Ii' is a constant. Equa- 
tion (22) thus indicates that for some value of L, i.e. for some value of the block 
number N ,  the transmission will be at its maximum. For some other value of N ,  the 
transmission will be zero if 

I I q L = v n  v = 1 , 2 , 3 ,  ... (23) 

is satisfied. It is this dynamical effect that makes the transmission oscillate almost 
sinusoidally with the block number N ,  as can be Seen in figure 3. Analogous to 
x-ray diffraction and electron diffraction [20, 221, here 1111-1 can be defined as the 
extinction distance. 

The third is that Ii' must not vanish. If it does, then the transmission will be zero. 
We call it the extinction phenomenon, which will be discussed in section 4. Here 
we point out that the extinction phenomenon is totally determined by the thicknesses 
of the domains and not by the block number N ,  whereas the extinction distance is 
determined by N and is a dynamical effect. These two different phenomena should 
not be confused. 
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Figure 3. Dependence of the transmission on the block numkr N with phase matching 
and 1 = 5.0441 p m  (curves A) and, for comparison, the transmission of the y- 
polarized light is also shown (curves B): (a) X = 0.8000 pm, pz  - 8s - GI,, = 0; (b) 
X = 0.5478 pm, p2 - PS - Gl,z = 0. 

4. lhnsmission spectrum 

Ap in equation (20) (included in s) is of much significance not only because it 
determines the degree of energy conversion but also'because it determines the char- 
acteristic of the transmission spectrum. Let us rewrite equation (21) in its explicit 
form . .  

( l / x ) ( n , - n , ) =  ( ? i ? + n T ) / z ( l t T ) l .  (24) 

Equation (24) is very similar to the equation obtained for the second-harmonic gen- 
eration in an FOS [9]. Both come from the energy coupling between waves and in 
both cases the dispersion of the refractive indices must be taken into account. 

In order to gain insight into the main features of the spectrum, numerical cal- 
culations have been made which are valid only at room temperature. I n  addition, 
the dispersion of the electro-optic coefficient is not considered because of lack of 
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Figure 4 Dependence of the Wanmission on the Mock number N with no phase 
matching, I = 5.0441 pm and X = 0.7980 pm (NNC A). For comparison. the 
transmission of y-polarized light is also shown (cuwe B). 

0.40 0 . 8 5  0.90 1 . 1 5  1.4 
Vavolcngthlmisronll 

Figure 5. Dependence of the mnsmission on the wavelength. Note that ( l / X ) ~ , ~ + t  # 
( l /X) , ,p+( l /X) , ,p - , .  Here t L 5 . 0 4 4 1  pm,  

sufficient data. This will only affect the peak heights and does not affect the peak 
positions as can be seen in equations (15), (20) and (21). 

7hking into account the dispersion of the refractive indices [E], we rewrite equa- 
tion (24) as follows: 

( l / A ) * , n  = (Tn + n.) /2[n0(A) - n.(A)1(1+ 711 (25) 
where .,(A) and .,(A) are functions of X [23]. In this case, the transmission 
spectrum will be affected by the dispersion. For those peaks where n, m are successive 
Ebonacci numbers, equation (25) becomes 

( l / A ) l , p  = T P / ? [ n , ( A )  - n,(A)](1 + 7)l. 

( l / A ) l , p + l  = ( 1 / A ) l +  + ( 1 / A ) L p - l  

(26) 

The relation 

(27) 

is no longer valid because of the dispersion. 
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Figure 5 shows the dependence of the  transmission on the wavelength. As uSua1, 
the intense peaks occur at (m ,n )  = ( F k - l , F k ) ,  i.e. m , n  being successive Fi- 
bonacci numbers, but their positions shift markedly. For example, in figure 5, 
we can see four intense peaks occurring at A,+, as indicated by r p .  They are 
AI , ]  = 1.2240 pm, A l q 2  = 0.8000 Gm, = 0.4062 pm. 
Obviously, (1 /A)1,3 + ( 1 / A ) 1 , 2 +  ( l / A ) l , l ,  so the spectrum is non-self-similar. In 
other words, the spectrum does not reflect the self-similarity of the reciprocal space 
and does not reflect the symmetry of the quasi-periodic structure. 

In the second-harmonic generation of an FOS, we have discussed the extinction 
phenomenon. Here this phenomenon also exists. In section 3, we have already 
mentioned this phenomenon. The general extinction rule can be derived directly 
from equations (15), (16) and (20). We can see &om them that the transmission 
depends on IC as well as on A@. The extinction occurs when IC = 0. From 
equations (15) and (IG), this happens when 

= 0.5478 pm and 

ie. 

1 = 2j(a/G,,,) = j D / ( m  + n r )  (29) 

namely all peaks satisfying equation (29) are absent in the spectrum. According 
to equation (29), some peaks can be purposely made to be absent provided that 
the thicknesses of the domains are appropriately selected. For instance, if we want 
the peaks with their indices (7n,n) = ( j , Z j )  to be extinguished, after substituting 
( m , n )  = ( j , 2 j )  into equation (29), we have 

l,, = 7(1- l*2). (30) 

If we set 

then peaks with the indices (m, n )  = ( Z j ,  Z j )  are absent in the spectrum; this can 
be seen in figure 5, where the peak with its index (m,n)  = ( 2 , 2 )  is missing. 

5. Conclusion 

We have analysed theoretically the electro-optic effect in an FOS. The phase-matching 
mncept has been presented for the fust time for the FOS. The transmission spectrum 
shows non-self-similarity due to the dispersion of the refractive indices. An extinction 
phenomenon has been discussed. 
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